In this article, we shall study the uniqueness problems on meromorphic functions sharing nonzero finite value or having fixed points. Our results extend the corresponding results of Fang and Hua, Yang and Hua, and Fang and Qiu. MSC 2010: 30D35, 30D30.
Introduction and main results
Let ℂ denote the complex plane and f be a nonconstant meromorphic function on ℂ. We assume the reader is familiar with the standard notion used in the Nevanlinna value distribution theory such as T (r, f ), m(r, f ), N(r, f ) (see, e.g., [1] [2] [3] [4] ), and S(r, f ) denotes any quantity that satisfies the condition S(r, f ) = o(T (r, f )) as r ∞ outside of a possible exceptional set of finite linear measure. A meromorphic function a is called a small function with respect to f, provided that T (r, a) = S(r, f ). Let f and g be two nonconstant meromorphic functions. Let a be a small function of f and g. We say that f, g share a counting multiplicities (CM) if f -a, g -a have the same zeros with the same multiplicities and we say that f, g share a ignoring multiplicities (IM) if we do not consider the multiplicities. We denote N 0 (r, ∞) the reduced counting function of the common poles of f and g. If N r, f − N 0 (r, ∞) = S r, f , and N r, g − N 0 (r, ∞) = S r, g , we say that f and g share ∞ "IM". We denote by N k) (r, 
We say that a finite value z 0 is called a fixed point of f if f(z 0 ) = z 0 or z 0 is a zero of f(z) -z.
The following theorem in the value distribution theory is well known [5, 6] . Theorem A. Let f be a transcendental meromorphic function, n ≤ 1 a positive integer. Then f n f ' = 1 has infinitely many solutions.
Theorem B. Let f and g be two nonconstant entire (meromorphic) functions, n ≤ 6(n ≤ 11) be a positive integer. If f n f' and g n g' share 1 CM, then either f(z) = c 1 e cz , g(z) = c 2 e -cz , where c 1 , c 2 and c are three constants satisfying 4(c 1 c 2 ) n+1 c 2 = -1, or f ≡ tg for a constant t such that t n+1 = 1.
Considering the uniqueness question of entire or meromorphic functions having fixed points, Fang and Qiu [9] obtained the following result.
Theorem C. Let f and g be two nonconstant meromorphic (entire) functions, n ≤ 11(n ≤ 6) a positive integer. If f n f' and g n g' share z CM, then either f (z) = c 1 e cz 2 ,
, where c 1 , c 2 , and c are three constants satisfying 4(c 1 c 2 ) n+1 c 2 = -1, or f ≡ tg for a constant t such that t n+1 = 1.
For more results in such directions, we refer the readers to [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . We recall the following result by Xu et al. [25] or Zhang and Li [26] , respectively. Theorem D. Let f be a transcendental meromorphic function, n(≤ 2), k be two positive integers. Then f n f (k) takes every finite nonzero value infinitely many times or has infinitely many fixed points.
Corresponding to Theorem D, one may ask, what can be said about the relationship between two meromorphic functions f and g, if f n f (k) and g n g (k) have the same fixed points or share one nonzero complex number, where n and k are positive numbers? In this direction, we will prove: Theorem 1.1. Let f and g be two transcendental meromorphic functions, whose zeros are of multiplicities at least k, where k is a positive integer. Let n >max{2k -1, k+ 4/k + 4} be a positive integer. If f n f (k) and g n g (k) share z CM, f and g share ∞ IM, one of the following two conclusions holds:
, where c 1 , c 2 , and c are constants such that
Theorem 1.2. Let f and g be two nonconstant meromorphic functions, whose zeros are of multiplicities at least k, where k is a positive integer. Let n >max{2k -1, k + 4/k + 4} be a positive integer. If f n f (k) and g n g (k) share 1 CM, f and g share ∞ IM, one of the following two conclusions holds: Remark 1.1. Theorems 1.1 and 1.2 are also true of entire functions when n >4/k+2 be a positive integer. Theorem 1.3. Let f and g be two nonconstant meromorphic functions, whose zeros are of multiplicities at least k + 1, where k is a positive integer with 1 ≤ k ≤ 5. Let n ≤10 be a positive integer. If f n f (k) and g n g (k) share 1 CM, f (k) and g (k) share 1 CM, f and g share ∞ IM, one of the following two conclusions holds: (i) f ≡ tg for a constant t such that t n+1 = 1;
, where c 3 , c 4 and d are constants such that (-1)
Preliminary lemmas
Lemma 2.1.
[3] Let f be a nonconstant meromorphic function, and let k be a positive integer. Suppose that f
By using the similar method of Yang and Hua [8] , we can prove the following lemma.
Lemma 2.2. Let f and g be two nonconstant meromorphic functions, a be a finite nonzero constant. If f and g share a CM and ∞ "IM", one of the following cases holds: To prove Theorems 1.1 and 1.2, we also need the following results. Lemma 2.5. Let f, g be two nonconstant meromorphic functions, whose zeros are of multiplicities at least k, where k is a positive integer. Let n >2k -1 be a positive integer. 3 Proofs of Lemmas 2.5 and 2.6
Proof of Lemma 2.5
Since f and g share ∞ IM, we have from
that f and g are entire functions.
Suppose that f has a zero z 0 of multiplicity p ≤ k, then z 0 is a zero of f n f (k) with mul-
In view of (3.1), we get k = 1, n = 2, and z 0 = 0.
Moreover, g has no zero. Therefore,
where a 1 (z), b 1 (z) are nonconstant entire functions. So from 3.2, we get
namely
which is impossible since a 1 and b 1 are non-constant entire functions
Thus f has no zero. similarly, we get that g has no zero. So, we have
where a(z), b(z) are nonconstant entire functions. Then
We claim that a + b ≡ C, where C is a constant.
(r, F) + T(r, f (k) ) + S(r, f ) ≤ T(r, F) + T(r, f ) + S(r, f ),
We obtain from (3.7) that
T(r, f ) = O(T(r, F)), (3:8)
as r E and r ∞, where E ⊂ (0, +∞) is some subset of finite linear measure. Note
We obtain from (3.9) that
T(r, F) = O(T(r, f )), (3:10)
as r E and r ∞, where E ⊂ (0, +∞) is some subset of finite linear measure.
Thus from (3.8), (3.10) and the standard reasoning of removing exceptional set (see [2, Lemma 1.1.1]) we deduce s ( f) = s (F). Similarly, we have s(g) = s(G). It follows from (3.1) that s(F ) = s(G), we get s (f) = s( g).
We deduce that either both a and b are transcendental functions or both a and b are polynomials. Moreover, we have
From this and (3.5) we get
If k ≤ 2, then it follows from (3.6) and Lemma 2.3 that a' is a polynomial, and so a is a nonconstant polynomial. Similarly, we can deduce that b is also a nonconstant polynomial.
We deduce from (3.5) that
where P k-1 (a') and Q k-1 (b') are differential polynomials in a' and b' of degree at most k -1, respectively. Thus, we obtain
We deduce from (3.11) that a(z) + b(z) ≡ C for a constant C. If k = 1, from (3.1) and (3.5) we get
Next, we let a + b = g and suppose that a, b are transcendental entire functions. If g is a constant, then a' + b' = 0, and from (3.12) we have
which implies that a' is a nonconstant polynomial of degree deg (a') = 1. This together with a' + b ' = 0 implies that b ' is also a nonconstant polynomial of degree deg(b ') = 1. If g is not a constant, then (3.12) implies that
which implies that
Similarly, we have
Thus T (r, g ') = S(r, e (n+1)g ) = S(r, a').
In view of (3.13) and by the second fundamental theorem for small functions, we get
Thus a' is a polynomial, which contradicts that a is a transcendental entire function. Thus a and b are both polynomials and a(z) + b(z) ≡ C for a constant C. Hence, from (3.11) we get 14) whereP 2k−1 is a differential polynomial in a' of degree at most 2k -1. From (3.14)
we have 2kT(r, α ) = 2 log r + S(r, α ).
From (3.15) we can see that a' is a nonconstant polynomial of degree 1 and that k = 1.
By induction we get
By computation we get
Hence This completes the proof of Lemma 2.5.
Proof of Lemma 2.6
By the same reasons as in Lemma 2.5, we get 18) and 19) whereP 2k−1 is a differential polynomial in a' of degree at most 2k -1. From (3.19) we have 20) which implies that a' is a nonzero constant. Thus a = dz + l 5 , b = -dz + l 6 . By (3.18), rewrite f and g as This completes the proof of Lemma 2.6.
4 Proof of Theorem 1.1
Note that f and g are transcendental, so z is a small function with respect to both F and G. Then F* and G* share 1 CM and ∞ "IM". By Lemma 2.2, we consider three cases.
We deduce from (4.1) that
Obviously,
It follows from (4.2), (4.3), and Lemma 2.1 that . Then, by Lemma 2.5, we get conclusion (ii). Case 3. Suppose that f n f (k) = g n g (k) . Then we have the conclusion (i) of Theorem 1.1.
This completes the proof of Theorem 1.1. By Lemma 2.6, using the same argument as in the proof of Theorem 1.1, we can prove Theorem 1.2.
